ABSTRACT. The purpose of the current text is twofold. First, given any profinite group topologically of finite generation, G, we construct the moduli stack parametrizing rank n continuous Q ℓ -representations of G, where ℓ not necessarily distinct from p, Rep cont G,n as a non-archimedean geometric Q ℓ -stack. Our construction is explicit in the sense that we construct a smooth Q ℓ atlas for such moduli space, in a similar fashion to the usual construction when G is a discrete group. This provides a positive answer to the existence of the moduli space of Q ℓ -adic lisse sheaves on a smooth and proper curve X over an algebraically closed field, which was conjectured to exist in [Del15] .
1.1. Overview. Let X 0 be a proper and smooth curve over F q , X := X 0 × Fq F where F is a fixed algebraic closure of F q and, givenx ∈ X a geometric point of X, denote πé t 1 (X,x) its étale fundamentel group. V. Drinfeld computed the number of rank 2 étaleQ ℓ -lisse sheaves on X 0 , where ℓ is a prime number coprime to q, and latter generalized in [DF13] for any given rank n ≥ 1. In [Del15] P. Deligne remarks that such a formula resembles a Grothendieck-Lefschetz trace formula on a certain moduli space.
He conjectured the existence of a moduli space, Rep cont πé t 1 (X,x),n , parametrizing rank n étaleQ ℓ -lisse sheaves on X admitting a reasonable cohomology theory. By Galois descent,Q ℓ -étale lisse sheaves on X 0 correspond bijectively toQ ℓ -étale lisse sheaves on X fixed by the geometric Frobenius. Pullback of étale lisse sheaves along the Frobenius should induce an endomorphism of V : Rep cont πé t 1 (X,x),n → Rep cont πé t 1 (X,x),n and the formula obtained by Drinfeld should coincide with a Grothendieck-Lefschetz trace formula on the couple (Rep cont πé t 1 (X,x),n , V ). In this text we propose a construction of Rep cont πé t 1 (X,x),n . We construct such an object as a Q ℓ -analytic stack: Theorem 1.1.1. Let G be a profinite group topologically of finite generation. Then there exists a Q ℓ -analytic space X n G ∈ Afd k representing the functor X n G : Afd k → Set, where Afd k denotes the category of Q ℓ -affinoid spaces, given by the formula, A ∈ Afd k → Hom cont (G, GL n (A)) .
By construction, X n G admits a natural action of the Q ℓ -analytic space GL n := GL an n and the corresponding quotient stack [X n G /GL n ] ∈ St (An k , τé t , P sm ) is a geometric Q ℓ -analytic stack, admitting X n G as a smooth atlas.
Given A ∈ Afd k , the groupoid [X Let X be a proper and smooth scheme over an algebraically closed field K =K. Thanks to [GR, Theorem 2.9, Exposé X], its étale fundamental group πé t 1 (X,x) is profinite of topologically finite generation We obtain as a consequence the folloing statement in which we de not need to assume that ℓ is coprime to the characteristic of X: Corollary 1.1.2. Let X be a proper smooth scheme over an algebraically closed field K =K and let πé t 1 (X,x) denote its étale fundamental group at a geometric pointx : SpecK → X. Then the functor, Rep cont πé t 1 (X,x),n : Afd k → S ≤1 introduced above, given by the association A ∈ Afd k → Rep cont πé t 1 (X,x),n (A) ∈ S ≤1 defines a geometric stack with respect to the geometric context (Afd k , τ ét , P sm ) which is representable by a k-analytic stack. Moreover, given A ∈ Afd k one has an equivalence Rep cont πé t 1 (X,x),n (A) ≃ Loc n Xét (A) , where the right hand side denotes the 1-groupoid of étale rank n A-lisse sheaves on X, or equivalentely rank n A-local systems on the pro-étale site of X.
One should think of Rep cont G,n as the ℓ-adic version of the usual Betti moduli space of C-local systems on a variety. In general, it is difficult to directly compute étale cohomology of Rep cont G,n . We show that the moduli stack Rep cont G,n is a shadow of an higher object. More precisely, it consists of the 0-truncation of a derived Q ℓ -analytic stack. Such stack admits an analytic cotangent complex, which we compute and show that it is a perfect object in the ∞-category of coherent sheaves on Rep cont X,n . Thanks to this additional structure we are able to define its (derived) de Rham cohomology, C Rep cont X,n ∈ dSt (dAn k , τé t , P sm ), whose functor of points is given informally by the association
Moreover, the functor of points associated to Rep cont X,n is cohesif, nilcomplete and it admits a cotangent complex L The use of (both classical and derived) rigid geometry is of fundamental importance in this text since we do not expect Rep cont X,n to be representable in the category of algebraic stacks over k. Let us illustrate this via a simple example: Suppose n = 1 and G = Z the profinite completion of Z. Given A ∈ Afd k a k-affinoid algebra we have a bijection of sets and such cannot be described purely in algebraic terms as there are inequalities appearing in the definition of such object. This why we need rigid analytic geometry. Let us describe the contents of each section in more detail: In section 2 we start by establishing the representability of the functor X n F pf r : Afd k → Set, given by the association A ∈ Afd k → Hom cont F pf r , GL n (A) ∈ Set, whereF pf r denotes the free profinite group on r topological generators. We show in particular that it can be written as a filtered colimit of representable k-analytic spaces X U,σ indexed by a cofinal family of open normal subgroups of U ≤F pf r and the choice of a presentation σ for U . We prove moreover, that such a union coincides with the union of the interior of each subspace, i.e., we have isomorphisms Int (X U,σ , GL r n ) , of k-analytic spaces where GL n := GL an n denotes the usual analytic general linear k-analytic space. Such isomorphism implies that we can actually build an k-analytic atlas for X n F pf r in terms of the atlas of each X U,n . When G is a more general profinite group topological of finite type we can realize it as a continuous group quotient ϕ :F pf r → G, for some r ≥ 1. Using this we prove that X n G is a closed subset of X n F pf r and thus also representable by a k-analytic stack.
After having established the first part of Theorem 1.1.1 one constructs the moduli stack of continuous representations of G by a formal procedure. We have an action of GL n on the k-analytic stack X In section 4 we prove our main results. Let us mention first the main technical points appearing in this section: We let X ∈ S Pro(fc) be a profinite space, for example, X ≃Ét (X). Given a derived k-affinoid space Y ∈ dAfd k , the Y -points of Rep cont X,n should correspond to the space Rep cont X,n (Y) ≃ Map cont (X, BEnd(O n Y )) ∈ S. Therefore we need to make sense of the content of the symbol Map cont , i.e., the mapping space of continuous representations of X on O n Y . We face two main difficulties, the first one is that the local T an (k)-structure O Y on Y ∈ dAfd k does not possess any sort of structure of topological sheaf on Y, i.e., the approach via structured spaces to derived k-analytic geometry does not produce a priori a locally ringed topoi whose structure sheaf has value in any sort of ∞-category of derived Banach k-algebras. This problem is solved by proving a generalization of Raynaud's localization theorem in the context of derived geometry. This was done in [Ant18] . In particular, it was proven that the ∞-category dAfd k can be realized as a localization of the ∞-category of admissible simplicial Z ℓ -algebras, denoted CAlg op → dAfd k denotes the rigidification functor in the derived setting. In particular, one should think of the structure sheaf O Y as obtained by the ℓ-complete structure sheaf on SpfA, which corresponds to A ∈ CAlg ad k • , by inverting ℓ. We should thus be able to lift O Y to an object living in the ∞-category of ind-pro objects in simplicial algebras. We will make this precise in section 4.3.
The second difficulty is to give a meaningful definition of what is a derived continuous representation of X. In our setting, assuming that X is connected, such a notion should correspond to a morphism ρ : ΩX → End(O n Y ) in Mon E1 (Ind(Pro(S))) the ∞-category of E 1 -monoids objects in Ind(Pro(S)) with its Cartesian symmetric monoidal structure and we enhance the monoid-object End(O n X ) in spaces with its multiplicative structure to a monoid-object in the ∞-category Ind(Pro(S)). Notice that the ind-structure on End(O n Y ) comes by inverting ℓ and the pro-structure by the choice of a formal model A ∈ CAlg ad k • . We are not only interested in the study of the derived stack Rep cont X,n but also on the ∞-categories of derived k-continuous representations on X. In subsection 4.1, we study the ∞-categories of perfect derived Z ℓ -continuous representations of X. Given A ∈ CAlg ad k • (here k • = Z ℓ ) we defined the ∞-category Perf ad X (A) ∈ Cat ∞ as the functor category (in Pro(Cat ∞ )) Fun Pro(Cat∞) (X, {Perf(A n )}) ≃ lim n colim i Fun (K i , Perf(A n )), where A n := A/ℓ n denotes the derived pushout obtained by killing ℓ in A in the ∞-category of simplicial k • -algebras. Thanks to Proposition 4.1.9 this ∞-category is an A-linear idempotent complete stable ∞-category which admits a natural symmetric monoidal structure. When A is a discrete ℓ-adic complete ring over Z ℓ this ∞-category as been considered previously, see [GL14] and [BS13] .
We study moreover its presentable version Mod Cat ∞ and it is shown to be infinitesimally cartesian and nilcomplete. We compute moreover its tangent space and whenever X satisfies certain finiteness conditions, which is the case whenever X ≃Ét (X), we prove the existence of a cotangent complex for Perf ad X . Section 4.3 is devoted to the study of derived Q ℓ -continuous representations of X. We are interested in the ∞-category of not only rank n derived continuous k representations on X but also derived representations with perfect values. Given A ∈ CAlg where Cat
Ind(Pro(S)) ∞
denotes the ∞-category of (small) ∞-categories enriched in the Cartesian symmetric monoidal ∞-category Ind(Pro(S)). We use [GH15] as our main reference for the study of enriched ∞-category theory. When X is a connected profinite space, the ∞-category Perf 
where End(M ) is considered naturally as an object of Mon E1 (Ind(Pro(S))). We consider also its presentable stable version Mod 4.4. we study its obstruction theory. In order to show that Perf an X admits a cotangent complex whenever X satisfies the required finiteness conditions we will need to prove the following result:
together with a canonical morphism Y → ΩX in Mon E1 (S Pro(fc) ) such that there exists
When X ≃Ét (X), Proposition 1.1.5 implies that local systems with perfect coeffients over k can be lifted to an adic local system over k . Moreover, we have an equivalence of presentable stable ∞-category
Corollary 1.1.6 allow us to show that the Rep cont X,n : CAlg
→ S admits a cotangent complex and we show moreover that it is an infinitesimally cartesian, nilcomplete functor and it descends to a well defined functor Perf . Now Theorem 1.1.3 is a consequence of the derived Representability theorem in the setting of derived k-analytic geometry proved by M. Porta and T. Yu Yue: Theorem 1.1.7 (Theorem 7.1. [PY17] ). Let F ∈ St(dAfd k , τ ét ) be a derived stack. The following conditions are equivalent: (i) F is an n-geometric stack for the geometric context (dAfd k , τ ét , P sm ); (ii) F is cohesive, nilcomplete and admits a cotangent complex and the truncation t 0 (F ) is an ngeometric stack for the geometric context (Afd k , τ ét , P sm ).
1.2. Future directions and related works. Let us point out some possible future directions: Let X 0 be a smooth and proper curve over F q , X := X 0 × SpecFq SpecF and denote X :=Ét (X). The couple (Rep cont X,n , V ), where V is the endomorphism induced by the geometric frobenius on X, is the natural candidate for a Grothendieck-Lefschetz trace formula counting the number of rank n lisseQ ℓ -étale sheaves on X 0 . The derived structure on Rep cont X,n allow us to define its de Rham cohomology C *
Using the techniques of derived geometry one is able to construct a shifted symplectic form ω on Perf an X . Moreover, the underlying 2-form produces a cohomology class
[1] which is moreover an eigenvalue of the endomorphism
. This has implications on the structure of such trace formula. Moreover, after the recent work of O. Schiffmann and S. Mozgovoy, see [MS17] , it would be interesting to try to define an Hall-algebra structure on the dualizing complex to C * dR (Rep cont X,n ) whose convolution product is produced using the derived structure. Using the theory of Chern characters one is also able to produce an interesting map
it would be interesting to know if the dual map produces an Hall algebra morphism and if this can be used to effectively prove the trace formulas.
The existence of a shifted symplectic structure on Rep cont X,n would a priori allow us to define the deformation quantization of the moduli Rep cont X,n , even though many details concerning deformation quantization in the Q ℓ -analytic are missig. This approach might produce interesting information concerning the arithmetic related to étale Q ℓ -adic lisse sheaves on X, which as far the author knows never have been considered previously in the literature.
In [Che14] , G. Chenevier introduced the space of d-dimensional quasi-characters of a profinite group G. We expect that there is a natural map from our moduli space Rep cont X,n to his. It is an interesting question to study such map and compare the two constructions, one would also like to have an understanding of the obstruction theory of the moduli of quasi-characters of a the profinite group G. Somehow related to these questions is the question of comparing the different obstruction theories for different prime numbers ℓ. In [EG17] , the authors study the tangent complex of the space of deformations of a p-adic representation of πé t 1 (X,x). Using the notion of companion to translate their problem in question concerning an ℓ-adic sheaf on X. It would be interesting to understand how the different obstruction theories relate for an ℓ-adic representation of πé t 1 (X,x) and its ℓ ′ -companion, for a different prime ℓ ′ not necessarily distinct from p. Consider now X a proper and smooth variety over Q p . One would like to formulate a possible nonabelian Hodge theory relating the moduli stack Rep cont X,n and a possible B dR -linear moduli space of connections on X.
Another future direction would be to construct such moduli stack Rep cont X,n in the case where X ≃ Et (X), where X is a smooth variety over an algebraically closed field but not necessarily proper. This should produce a geometric stack whenever one bounds ramification at infinity. Interesting enough is to understand the case of X ≃ BG where G is an absolute Galois group.
Throughout the text one needs to establish some fundamental results in profinite equivariant homotopy theory concerning the spaces of continuous representations on a given profinite space. Our methods could be proven useful for the study of profinite-equivariant homotopy theory and the study of ℓ-adic continuous representations of such. 1.4. Notations and conventions. For psychological reasons we will employ the notation p for a prime number and not ℓ. Throughout the text, when explicitly not told the contrary, k will denote a local nonarchimedean field which is a finite extension of Q p , k
• denotes its ring of integers and π a fixed uniformizer of k
•
. We denote the ∞-category of spaces by S. Given an ∞-category C, we denote by Ind(C) and Pro(C) the ∞-categories of ind and pro-objects on C, respectively. Due to notational simplification, we will denote the ∞-category of Ind (Pro(S))-enriched ∞-categories by Cat ∞ and E 1 -monoid objects in Ind (Pro(S)) by Mon E1 S ind pro .
In this text we take homological conventions, therefore differentials lower degrees. We use homological notations, therefore when we use the superscript + somewhere we mean that we consider objects bounded at the right. Moreover, whenever M ∈ C is an object of a stable ∞-category we will denote by ΣM or M [1] the suspension of M . When C ≃ Mod A , the ∞-category of modules over a simplicial ring A, we sometimes denote ΣM by M [1], as in this case suspension corresponds to the usual translation functor.
We denote by Top the ∞-category whose objects are ∞-topos together with geometric morphisms between them.
REPRESENTABILITY OF THE SPACE OF MORPHISMS
In this section we show that given a profinite group G of finite topological finite presentation one can attach to it a non-archimedean space Hom cont (G, GL n (k)) whose functor of points associates to each k-affinoid algebra A the set of continuous group homomorphisms Hom cont (G, GL n (A)). We start by showing the representability of such space when G is a free profinite group, the general case can be deduced from this one, as soon as we are under the assumption of topological finite generated profinite groups. Our interest in such non-archimedean space comes from the observation that is admits a natural action, via conjugation, by the non-archimedean general linear group GL n whose quotient, in the ∞-category of nonarchimedean stacks, corresponds to the non-archimedean moduli stack of continuous representations of the group G. The results in this section hold true for any (non-archimedean) field extension k/Q p , so the reader might have in mind the case k = C p , a fixed complete algebraically closed extension of Q p 2.1. Preliminaries. We start by given a brief overview of certain notions in rigid k-analytic geometry which will play an important role in the proof of representability. Let n ≥ 1 be an integer, we form the Tate algebra on n generators with radius (r 1 , . . . , r n ) defined as, n T n by a finitely generated ideal I. These correspond to the affine objects in rigid geometry, au sense de Berkovich. Let A be a k-affinoid algebra we say that A is strict k-affinoid if we can choose such a presentation for A with the r i = 1, for each i. The k-algebra k r
n T n admits a canonical k-Banach structure induced by the usual Gauss norm. Moreover, any finitely generated ideal I ⊂ k r −1 1 T 1 , . . . , r −1 n T n is closed which implies that any k-affinoid algebra A admits a k-Banach structure, depending on the choice of a presentation of A. However it is possible to show that any two such k-Banach structures on A are equivalent and therefore the latter inherits a canonical topology, induced from the one on k r −1 1 T 1 , . . . , r −1 n T n given by the Gauss norm. Moreover, a presentation of A of the above form determines a formal model for A, i.e., a π-adic complete k
The category of strict k-affinoid spaces, Afd k , is by definition the opposite category of the category of strict k-affinoid algebras. Given a k-affinoid algebra A we denote by M (A) its (Berkovich) spectrum which is a topological space. In Berkovich's approach to rigid geometry a point x ∈ M (A) correspond to a semimultiplicative seminorm on A. Given x ∈ M (A) it defines a (closed) prime ideal of A, by considering its kernel p = ker(x). We denote by H(x) the completion of the residue field Frac(A/p). The field H(x) possesses a canonical valuation, denoted | • | x , induced by the one on A and given a ∈ A we denote by |a| x ∈ R the evaluation of | • | x on the image of a in H(x).
In Berkovich's non-archimedean geometry it is possible to define the notion of relative interior, which is very useful in practice. Let φ : A → A ′ be a bounded morphism of k-affinoid algebras. The relative interior of φ, Int(M (A ′ )/M (A)) is by definition the set of points,
is inner with respect to A}, where inner with respect to A means that there exist a continuous surjective map A r
to the given one and such that, for each i, we have |T i | x ′ < r i . One can glue k-affinoid spaces, similarly to what is done in algebraic geometry, and one obtains the notion of k-analytic spaces and morphisms between these, which can be organized in a category An k . One can globalize the notion of relative interior. We refer the reader to and [Ber93] , [Con08] and [Bos05] for a more detailed exposition on rigid geometry, from different points of view.
2.2. Hom spaces. Let Afd k denote the category of strict k-affinoid spaces, defined as the opposite category of strict k-affinoid algebras. Throughout this section G denotes a profinite group of topological finite type. Define the functor X G : Afd op k → S given informally on objects by the formula
where Hom cont denotes the set of morphisms in the category of continuous groups. Our goal in this section is to show that X G is representable by a k-analytic space. Let A ∈ Afd op k be a (strictly) k-affinoid algebra. We typically denote by A 0 a formal model for A, i.e., a (p-adic complete) k Remark 2.2.1. The existence of formal models for k-affinoid algebras implies that the topology on A can be realized as a sort of ind-pro topology, in which the pro-structure comes from the fact that formal models are π-adic complete and the ind-structure arises after inverting π. 
. These form a basis of normal open subgroups of GL n (A 0 ) and we have canonical isomorphisms
thus GL n (A 0 ) can be identified with the inverse limit of the GL n (A 0 )/ Id + π k M n (A 0 ) , thus it is π-adically complete. The same holds for Id + π k · M n (A 0 ), for k ≥ 1, i.e., we have
Notation 2.2.3. We denote byF pf r a fixed free profinite group of rank r. It can be explicitly realized as the profinite completion of a free group on r generators, F r , which become (canonically) a dense full subgroup ofF pf r . We will thus fix throughout the text a continuous dense group inclusion homomorphism F r →F pf r and a set of generators e 1 , . . . , e r ∈ F r which become topological generators of the groupF pf r . Remark 2.2.4. Let FinGrp denote the category of finite groups. The category of profinite group corresponds to its pro-completion, Pro(FinGrp). The objectsF pf r ∈ Pro(FinGrp), for each r ≥ 1, satisfy the universal property,
Let us fix J r a final family of normal open subgroups of finite index inF pf r , i.e., such that we have a continuous group isomorphism,
Remark 2.2.5. Given U ∈ J r , the quotient groupF pf r /U ≃ Γ is finite and therefore of finite presentation. It follows that U admits a finite family of generators σ 1 , . . . , σ l . Moreover, thanks to the Nielsen-Schreier theorem the group U is free profinite say on a finite number of generators. Consider the dense group inclusion F r →F pf r , then U ∩ F r → U is a discrete subgroup of U which is again dense in U . Therefore, we can choose the generators σ 1 , . . . , σ l ∈ U ∩ F r . Notation 2.2.6. Given σ = i e
∈ GL n (A), whenever such matrix product makes sense (notice that it always make sense when the product is indexed by a finite set).
Definition 2.2.7. Given U ∈ J r and a choice of a finite number of generators σ 1 , . . . , σ l ∈ U ∩F pf r we define the functor, X U,σ1,...,σ l : Afd k → Set, given informally by the formula,
For a k-affinoid algebra A which admits A 0 as a formal model we also denote by X U,σ1,...,σ l (A 0 ) the subset GL n (A 0 ) r consisting of those sequence of matrices (M 1 , . . . , M r ) ∈ GL n (A 0 ) such that the mod π reduction of each σ i (M 1 , . . . , M r ) equals the identity matrix Id ∈ GL n (A 0 /pA 0 ). Remark 2.2.8. Let U ∈ J r , A be a k-affinoid algebra and A 0 a formal model for A. Then the set X U,σ1,...,σ l (A 0 ) does not depend on the choice of the topological generators for U , i.e., if τ 1 , . . . τ s ∈ U ∩ F r is a different choice of topological generators for U , we have an equality X U,σ1,...,σ l (A 0 ) = X U,τ1,...,τs (A 0 ).
In order to see this, it suffices to note that, for each n ≥ 1, the mod π n reduction of (M 1 , . . . , M r ) ∈ X U,σ1,...,σ l (A 0 /π n A 0 ) correspond to a group homomorphism Γ ≃F pf r /U → GL n (A 0 /πA 0 ). As group homomorphisms are independent of the choice of presentation for Γ the set X U,σ1,...,σ l (A 0 /π n ) neither depend on such choice. Since A 0 is π-adic complete we obtain an i somorphism of topological groups,
thus by passing to inverse limits we conclude that X U,σ1,...,σ l (A 0 ) is independent of the choice of topological generators for U , as desired. We thus denote X U,σ1,...,σ l (A 0 ) simply by X U (A 0 ).
Lemma 2.2.9. Let A be an k-affinoid algebra and A 0 an k • -formal model for A then the equality,
holds, for each r ≥ 1.
Proof. Since Hom cont F pf r , GL n (A 0 )) denotes the set of continuous group homomorphisms in the category of pro-discrete groups we have a bijection,
It therefore suffices to show that we have a bijection,
where Γ U denotes the finite groupF pf r /U . We assert that there exists a canonical morphism,
, is determined by the image of the r generators of Γ U k which correspond to r matrices in GL n (A 0 /π k+1 A 0 ). Therefore given such a system of compatible group homomorphisms {ρ k } k one can associate an r-vector (M 1 , . . . , M r ) ∈ GL n (A 0 ) r such that its mod π reduction satisfies σ i (M 1 , . . . , M r ) = Id, where σ 1 , . . . , σ l ∈ U ∩ F r denote a finite set of topological generators for U 1 . Thus (M 1 , . . . , M r ) ∈ X U1 (A 0 ). This shows the existence of the desired map. We now construct maps
for each U ∈ J r , such that when we assemble these together we obtain the desired inverse for φ. In order to construct ψ U , we start by fixing topological generators σ 1 , . . . , σ l ∈ U ∩ F r for U . Let (M 1 , . . . , M r ) ∈ X U (A 0 ). As we have seen these matrices define a continuous group homomorphismF pf r → GL n (A 0 /πA 0 ). Thanks to Lemma 2.2.10 below the matrices 
. By itenerating the process we obtain a sequence of continuous group homomorphisms,
which thus define a continuous group homomorphism ρ ∈ Hom cont (F pf r , GL n (A 0 ). It follows easily by our construction that,
is the inverse map of φ, as desired. 
Proof. Noticing that the quotient groups,
are torsion, i.e., every element has finite order and we conclude that
whereẐ denotes the profinite completion of Z. This treats the case n = 1. The same holds for generalF pf r , i.e., we have a canonical equivalence,
This is an immediate consequence of the assertion that any finitely generated subgroup of the quotient
for n a positive integer, is finite (i.e. the Burnside problem admits an affirmative answer in this particular case). In order to justify the given assertion we fix G a finitely generated subgroup of
By assumption it is generated by matrices of the form Id + π k+1 N 1 , . . . , Id + π k+1 N s , for some s ≥ 1. Therefore a general element of G can be written as,
, denote products of the N i having a − 1 multiplicative terms, where a denotes the least integer such that k × (a+ 1) ≥ l. By the Pigeonhole principle there are only finite number of such choices for the integers n i,j for (i, j) ∈ [1, l − 1] × [1, s l−1 ] and the result follows.
Proposition 2.2.11. Let A ∈ Afd op k be an k-affinoid algebra then we have a natural bijection,
Proof. Let ρ :F pf r → GL n (A) be a continuous homomorphism of topological groups and let e 1 , . . . , e r be the fixed topological generators ofF
) is an open subgroup ofF pf r and it has thus finite index inF pf r , moreover as J r is a final family forF pf r one can suppose without loss of generality, up to shrinking U , that U ∈ J r and thus normal inF pf r . Choosing a finite set of topological generators for ρ −1 (Id + π · M n (A 0 )) we deduce that the (M 1 , . . . , M r ) satisfy the inequalities, in GL n (A), associated to such generators, therefore
which proves the direct inclusion. We conclude that the association
defines a well defined map of sets. Let's prove that we have a well defined inverse map. We consider 
. Therefore, we have the following diagram in the category of topological groups,
We want to show that we can fill the above diagram with a continuous morphismsF pf r → GL n (A) making the whole diagram commutative. Since U is of finite index inF pf r we can choose elements g 1 , . . . g m ∈ F r ⊂F pf r such that these form a (faithful) system of representatives for the finite groupF
ji , where this product is finite and unique by the assumption that the g i ∈ F r . Every element of h ∈F pf r can be written as h = g i σ, for some g i as above and σ ∈ U . Let us then define ρ(h) :
We are left to verify that the association h ∈F
′ ∈ U ∩ F r , then h ∈ F r and in this case the result follows since we have fixed a group homomorphism (M 1 , . . . , M r ) : F r → GL n (A), which is continuous. Suppose then that it is not the case, then let (σ n ) n and (σ n ′ ) n ′ be sequences of elements in U ∩ F r converging to σ and σ ′ , respectively. We remark that this is possible since F r is dense inF pf r and U ∩ F r is a free (discrete) group whose profinite completion is canonically equivalent to U , thus it is dense in U . Then g −1 g i σ = σ ′ and we get moreover that g −1 g i σ n converges to σ ′ . Thus the elements
where our notations are clear, converge to ρ(σ ′ ) by continuity of ρ and also to
ji ) by continuity of the multiplication in GL n (A). Since the topology on A comes from a norm on A, making the latter a Banach k-algebra we conclude that A is Hausdorff and so it is GL n (A). This implies that converging sequences in GL n (A) admit a unique limit. We conclude therefore that,
thus giving the desired equality,
proving thatρ :F pf r → GL n (A) is a well defined map. We wish to show that it is a continuous group homomorphism. Our definitions make clear that to check multiplicativity ofρ it suffices to show that for every g ∈ F r and σ ∈ U we have,ρ
Pick again a converging sequence (σ n ) n , in F r ∩ U , such that σ n converges to σ. Then for each n we have,
, and by passing to the limit, we obtain the desired equality. We are reduced to show thatρ is continuous.
, thus the latter is necessarily discrete. The result now follows, since we have thatρ
Notation 2.2.12. We will denote XF pf
Remark 2.2.13. Let GL n be the analytification of the general linear group scheme GL n over Speck. Proposition 2.2.11 allows us to write XF pf r as a union of subfunctors, X U,σ1,...,σ l . Where, for each U ∈ J r and σ 1 , . . . , σ l as usual, X U,σ1,...,σ l is given on the objects of Afd k informally by the formula,
Lemma 2.2.14. The functor X U,σ1,...,σ l , as above, is representable by a (strict) k-analytic space.
] be the closed unit disk inside GL n and X 0 U,σ1,...,σ l the pullback of
where B is a k-affinoid algebra and
..,σ l ,B corresponds to the subfunctor of Sp B B whose value on k-affinoid algebra A consists of the set 
By the proof of our previous result it follows that X U,σ1,...,σ l is an k-analytic subdomain of X U ′ ,τ1,...,τs . Since we are interested in the representability of the space
we need to check that the above inclusions are nice enough for U of sufficiently large (finite) index in F pf r . Fix U ∈ J r and let σ 1 , . . . , σ l be a finite set of generators for U . Given a k-affinoid algebra A and
For each U ∈ J r , X U,σ1,...,σ l is a k-analytic subdomain of GL r n , and therefore Int(X U,σ1,.
is an open subset of GL r n , [Con08, Exercise 4.5.3]. Moreover, we have that XF pf r = Γ∈Jr X U,σ1,...,σ l is a subfunctor of GL r n , which follows readily from the definitions. We can therefore (canonically) associate to X a topological subspace
where, for each U ∈ J r , X U,σ1,...,σ l denotes the underlying topological space of the k-analytic domain of (GL n ) r , X U,σ1,...,σ l . Therefore, the topological space X corresponds to an open subspace of (GL n ) r and it is an Hausdorff space. We will construct a canonical k-analytic structure on it and show that such k-analytic space represents well the functor XF pf r . As each X U,σ1,...,σ l is a k-analytic space we can take the maximal atlas and quasi-net on it of k-affinoid subdomains of X U,σ1,...,σ l , which we call T U,σ1,...,σ l . As X can be realized as a filtered union of the X U,σ1,...,σ l we conclude that the union of the quasi-nets
In fact, given a point x ∈XF pf r we need to be able to find a finite collection V 1 , . . . , V n of compact Hausdorff subsets of XF pf r such that x ∈ i V i and moreover V 1 ∪· · ·∪V n is an open neighborhood of x inside XF pf r . In order to show such condition on T, we notice first that that we can choose U ∈ J r of sufficiently large finite index inF pf r such that x ∈ X U,σ1,...,σ l lies in its relative interior Int(X U,σ1,...,σ l /GL r n ). By the k-analytic structure on X U,σ1,...,σ l we conclude that we can take V 1 , . . . , V n k-affinoid subdomains of X U,σ1,...,σ l satisfying the above condition.
It suffices to show that their union
By shrinking the V i of larger index inF pf r if necessary we can assume that the union V 1 ∪ · · · ∪ V n lies inside the relative interior
′ ∈ τ as we can always choose Γ sufficiently large such that U, U ′ ⊂ X U,σ1,...,σ l . The fact that the union of the maximal atlas on each X U,σ1,...,σ l gives an atlas on X , with respect to τ , is also clear from the definitions. We conclude that the topological space XF pf r is endowed with a natural structure of k-analytic space (in fact, a k-analytic subdomain of GL r n ). We shall show that the k-analytic space XF pf r represents well the functor X . As k-affinoid spaces are compact we conclude that any map Sp B A → XF pf r factor through some X U,σ1,...,σ l , for some m ≥ 0, as their union equals the union of the respective relative interiors and Sp B A is quasi-compact, it follows at once that the functor of points, thanks to Proposition 2.2.11, associated to XF pf r is canonically equivalent to XF pf r and the result follows.
Corollary 2.2.16. Let G be a profinite group topologically of finite type then the functor X G : Afd op k → Set, given on objects by the formula
Proof. Let us fix a continuous surjection of profinite groups ϕ :F pf r → G, for some integer r ≤ 1 finite. Let H denote the kernel of ϕ. Thanks to Theorem 2.2.15 we know that XF pf r is representable by a kanalytic stack. We have an inclusion at the level of functor of points ϕ * : X G → XF pf r by precomposing continuous homomorphisms ρ : G → GL n (A) with ϕ. We show that the morphism ϕ * is representable and a closed immersion. Let SpA be a k-affinoid space and suppose given a morphism of k-analytic spaces, ρ : SpA → XF pf r , which corresponds to a continuous representation ρ : G → GL n (A). We want to compute the fiber product SpA × XF pf r X G . Since SpA is quasi-compact and we have an isomorphism at the underlying topological spaces,
we conclude that ρ : SpA → XF pf r factors through a k-analytic subspace of the form X U,σ1,...,σ l , for suitable such U ∈ J r and σ 1 , . . . , σ l , as usual. By applying again the same reasoning we can assume further that ρ : Sp → XF pf r factors through some X 0 U,σ1,...,σ l as in the proof of Lemma 2.2.14. The latter is k-affinoid, say X 0 U,σ1,...,σ l = SpB for some k-affinoid algebra B. Let X 0 G,U,σ1,...,σ l denote the fiber product,
. . , M r ) = Id, for every h ∈ H ∩ F r ⊂ H, where our notation is as before. Then we have an equivalence of fiber products,
As every k-affinoid algebra is Noetherian, [Con08, Theorem 1.1.5], we conclude that Z is defined as those points which satisfy by finitely many equations in SpA, induced from the relations defining H insideF pf r after choosing topological generators forF pf r . We conclude that Z is a closed subspace of SpA, thus representable. The result now follows.
Remark 2.2.17. Given G a profinite group as above there is a canonical action of the k-analytic group GL n on X G via conjugation. We remark that continuous representations of a group correspond precisely to the conjugacy classes of group homomorphisms.
2.3. Geometric contexts and geometric stacks. Our next goal is to give an overview of the general framework that allow us to define the notion of a geometric stack. Our motivation comes from the need to define the moduli stack of continuous representations of a profinite group G (of topological finite presentation) as a non-archimedean geometric stack, obtained by taking the quotient of X G by the conjugation action of GL n on X G . Definition 2.3.1. A geometric context (C, τ, P) consists of an ∞-site (C, τ ), see [Lur09b] , and a class P of morphisms in C verifying:
(i) Every representable sheaf is a hypercomplete sheaf on (C, τ ).
(ii) The class P is closed under equivalences, compositions and pullbacks.
(iii) Every τ -covering consists of moprhisms in P.
(iv) For any morphism f : X → Y in C, if there exists a τ -covering {U i → X} such that each composition U i → Y belongs to P then f belongs to P.
Given a geometric context (C, τ, P) it is possible to form an ∞-category of geometric stacks Geom(C, τ, P) by a recurrence definition as follows:
where X is a representable object of Shv(C, τ ), the base change F × G X is also representable. Let n ≥ 0, we say that F ∈ Shv(C, τ ) is n-geometric if it satisfies the following two conditions: (i) It admits an n-atlas, i.e. a morphism p : U → F from a representable object U such that p is (n − 1)-representable and it lies in P.
Definition 2.3.3. We say that F ∈ Shv(C, τ ) is locally geometric if F can be written as an union of ngeometric stacks F = i G i , for possible varying n, such that each G i is open in F , i.e., after base change by representable objects the corresponding inclusion morphisms are open immersions.
An important feature that one desires to be satisfied in a geometric context (C, τ, P) is the notion of closedness under τ -descent.
Definition 2.3.4. Let (C, τ ) be an ∞-site. The ∞-category C is closed under τ -descent if for any morphism F → Y , where F, Y ∈ Shv(C, τ ) and Y is required to be representable and for any τ -covering
Remark 2.3.5. When the geometric context is closed under τ -descent the definition of a geometric stack becomes simpler since it turns out to be ambiguous to require the representability of the diagonal map.
Example 2.3.6. Many examples of geometric contexts can be given but our main object of study will be the geometric context (Afd k , τ ét , P sm ), where τ ét denotes the quasi-étale topology on Afd k , and P sm denotes the collection of quasi-smooth morphisms, see [Ber94] chapter 3 for the definitions of quasi-étale and quasi-smooth morphisms of k-analytic spaces. Such geometric context is closed under τ ét -descent and we will call the corresponding geometric stacks as k-analytic stacks.
Let G be a smooth group object in the ∞-category Shv(C, τ ). Suppose that G acts on a representable object X. We can form its quotient stack via the (homotopy) colimit of the diagram,
We denote such (homotopy) colimit by [X/G] and refer it as the stacky quotient of X by G.
Lemma 2.3.7. Let (C, τ, P) be a geometric context satisfying τ -descent. Let G be a smooth group object in the ∞-category Shv(C, τ ) acting on a representable object X. Then the stacky quotient [X/G] is a geometric stack.
Proof. It suffices to verify condition (1) of Definition 2.12. By definitoin of [X/G] we have a canonical morphism X → [X/G] which is easily seen to be (-1)-representable and smooth. Therefore, [X/G] is a 0-geometric stack.
Definition 2.3.8. Let G be a profinite group of topological finite presentation. We define the k-analytic stack of continuous representations of G, Rep cont k,n (G), as the stack corresponding to the stacky quotient
Thanks to Corollary 2.2.16 we obtain the following important result: Theorem 2.3.9. Let G be a profinite group of topological finite presentation. Then the groupoid-valued functor Rep cont k,n (G) : Afd k → S is representable by a geometric stack. Corollary 2.3.10. Let X be a smooth and proper scheme over an algebraically closed field. Then the k-analytic stack parametrizing continuous representations of πé t 1 (X,x) is representable by a geometric stack.
Remark 2.3.11. As X G is a representable object in the ∞-category Shv(Afd op k , τ ét ) and GL n is a smooth group object in Shv(Afd op k , τ ét ) and the corresponding geometric context satisfies descent we conclude by Lemma 2.3.7 that the quotient [X G /GL n ] is representable by a geometric stack.
Remark 2.3.12. We have a canonical equivalence Rep cont k,n (G) ≃ Map Ind(Pro(S)) (BG, BGL n ), where the latter consists of the stack of morphisms between BG and BGL n , considered as ind-pro-stacks. Geometricity of Map Ind(Pro(S)) (BG, BGL n ) follows from the result for Rep cont k,n (G).
MODULI OF k-LISSE SHEAVES ON THE ÉTALE SITE OF A PROPER NORMAL SCHEME
We fix a X be a proper normal scheme over an algebraically closed field K together with a geometric pointx : SpecK → X of X. By Theorem 2.9, exposé 10 in [GR] the étale fundamental group πé t 1 (X,x) is topologically of finite presentation and therefore thanks to the results in the previous section, for a given n ≥ 0, the space Rep cont k,n (πé t 1 (X,x)) is representable by a k-analytic stack. We start by establishing some results concerning étale cohomology (at the level of chains) of (derived) coefficients. These results should be well known to experts but hard to locate in the literature so we prefer to give a full account of these as they will be important for us in order to show the existence of the cotangent complex of the moduli stack of continuous representations of πé t 1 (X,x). Secondly we show that continuous representations of πé t 1 (X,x) with values in GL n (A), where A is a k-affinoid algebra, correspond equivalently to rank n Alocal systems in the (pro-)étale topology of X. Such result is desirable since it implies that the k-analytic stack Rep cont k,n (πé t 1 (X,x)) parametrizes equivalently (pro-)étale k-lisse sheaves on X.
3.1. Étale cohomology of perfect local systems. Let π : X → SpecK be the structural morphism. Given an integer n ≥ 1, we have a canonical equivalence of ∞-categories Shv(SpecK, Z/ℓ n Z) ≃ Mod Z/ℓ n Z , where the left hand side denotes the ∞-category of sheaves of Z/ℓ n Z ∞-sheaves on the étale site of SpecF , see [GL14] chapter 4.1 for more details. We have a pullback functor
to which Z/ℓ n Z-module M associates the constant sheaf with values in M on étale site of X.
Proposition 3.1.1. Let X be a proper normal scheme over an algebraically closed field K. Then RΓ(Xé t , Z/ℓ n Z) is a perfect complex of Z/ℓ n Z-modules.
Proof. This is a direct consequence of the more general Proposition 4.2.15 in [GL14] .
Definition 3.1.2. Let A be a simplicial ring. We say that A is Noetherian if it satisfies the following conditions:
Definition 3.1.3. Let A be a simplicial ring. We say that an A-module M has Tor-amplitude ≤ n if, for every discrete A-module N, (which can be automatically seen as a π 0 (A)), the homotopy groups
Lemma 3.1.4. Let A be a Noetherian simplicial ring and M ∈ Mod A be an A-module such that π i (M ) ≃ 0 for sufficiently small i ≤ 0. Then M is a perfect A-module if and only if the following two conditions are satisfied:
Proof. It is statement (5) in Proposition 7.2.4.23 [Lur12b] .
Remark 3.1.5. Let A be a simplicial ring over Z/ℓ n Z, N ∈ Shv(X ét , Z/ℓ n Z) be a local system of perfect A-modules on X ét . It follows that N can be written as a (finite sequence) of retracts of (f V )!(A), see Proposition 4.2.2 in [GL14] , where
denotes the exceptional direct image functor associated to an étale map f V : V → X, see [GL14] section 4.1 for the definition of the exceptional direct image functor associated to an étale morphism as a right adjoint to the pullback functor,
Lemma 3.1.6 (Projection Formula). Let X be a scheme over an algebraically closed field K. Let A be a simplicial ring and let F ∈ Shv ét (X, A). Then, for any M ∈ Mod A we have a natural equivalence,
in the ∞-category Mod A , where π denotes the structural morphism π : X → SpecK.
Proof. Let C ⊂ Mod A be the full subcategory spanned by those A-modules M such that there exists a canonical equivalence
It is clear that A ∈ C and C is closed under small colimits as both tensor product and the direct image functor p * commute with small colimits. Consequently, by the fact that the ∞-category Mod Z/ℓ n Z is compactly generated (under small colimits) by the object A, the result follows.
Proposition 3.1.7. Let A ∈ CAlg Z/ℓ n Z be a Noetherian simplicial Z/ℓ n Z-algebra. Let N be a local system of A-modules on Xé t with values in the ∞-category of perfect A-modules, Mod perf A . Then the étale cohomology of the local system N , RΓ(X ét , N ), is a perfect A-module.
Remark 3.1.8. Note that the statement of Proposition 3.1.7 concerns the chain level and not the étale cohomology of the complex RΓ(X ét , N ).
Proof of Proposition 3.1.7. Let N be a local system on X ét of perfect A-modules, i.e., there exists an étale covering U → X, such that N |U ≃ f * (P ), where f : U → SpecK is the structural map and P ∈ Mod perf A . Our goal is to show that RΓ(X ét , N ) ∈ Mod perf A . By Lemma 3.1.4 it suffices to show that for each i ∈ Z, N ) ) is of finite type over π 0 (A) and RΓ(X ét , N ) is of finite Tor-dimension. Without loss of generality we can assume that N is a connective perfect A-module on the étale site X ét , i.e., the discrete π 0 (A)-étale sheaves on X, π i (N ) vanish for i < 0.
By Proposition 4.2.10 in [GL14] and its proof we deduce that π i (N ), for each i, is an étale local system of finitely presented (discrete) π 0 (A)-modules on X ét . Let i ≥ 0, then π i (N ) is a local system of finitely presented (discrete) π 0 (A)-modules, it follows that there exists an étale covering V → X such that π i (N ) V ≃ g * E, where g : V → SpecK is the structural map and E is an (discrete) π 0 (A)-module of finite presentation. As X is a normal scheme we can assume without loss of generality that the étale map V → X is a Galois covering (in particular it is finite étale). It follows by Galois descent that RΓ(X ét , π i (N )) ≃ RΓ(G, RΓ(X ét , g * E)), where G is the finite group of automorphisms of the Galois covering V → X. Assume first that RΓ(X ét , g * E) is an A-module whose homotopy groups are finitely generated over π 0 (A). Since the group G is finite, the group cohomology of G with Z-coefficients is finitely generated and of torsion, we thus conclude by the corresponding Grothendieck spectral sequence that the homotopy groups of RΓ(G, RΓ(X ét , g * E)) are finitely generated over π 0 (A). We are thus reduced to the case where π i (N ) is itself a constant π 0 (A)-module on X ét . By the projection formula we can reduce to the case where π i (N ) is π 0 (A) itself. Again by the projection formula we can reduce to the case where π 0 (A) ≃ Z/ℓ n Z in which case the result follows readily by Proposition 3.1.1.
By induction on the Postnikov tower associated to N we conclude that given n ≥ 0 we have a fiber sequence of étale A-modules,
such that, by our inductive hypothesis, RΓ(X ét , τ ≤n N ) and RΓ(X ét , Σ n+2 π n+1 (N )) have homotopy groups which are finitely generated π 0 (A)-modules. Therefore, as RΓ(X ét , −) is an exact functor the assertion also follows for τ ≤n+1 N . We are thus dealt with condition (i) in Lemma 3.1. 4 We have another fiber sequence of the form,
As X is of finite cohomological dimension, by Lemma 2.2.4.1 [GL14] , for any given integer i there is a sufficiently large integer n such that π i (RΓ(X ét , τ >n N )) vanishes. Which by exactness of the global sections functor RΓ it implies that π i (RΓ(X ét , N )) and π i (RΓ(X ét , τ ≤n N )) agree for sufficiently large n. As X is of finite cohomological dimension we conclude that given M a discrete π 0 (A)-module, the A-module p * p * (M ) has non-zero homotopy groups lying in a finite set of indices. Using the projection formula once more we conclude that RΓ(X ét , N ) ⊗ A M ≃ RΓ(X ét , N ⊗ A M ) is obtained (by a finite sequence) of retracts of p * p * (M ) and therefore, under our hypothesis on M , it follows that π i (RΓ(X ét , N ) ⊗ π0(A) M ) ≃ 0 for large enough i. Thus we conclude that RΓ(X ét , N ) is of finite Tordimension as an A-module and thus a perfect A-module.
3.2. Pro-etale lisse sheaves on X ét . It follows by our hypothesis on X and [BS13, Lemma 7.4.10] that the pro-étale and étale fundamental groups of X agree henceforth it suffices to consider representations of the étale fundamental group of X, πé t 1 (X,x). Definition 3.2.1 (Nohii group). Let G be a topological group and consider the category of G-sets, denoted G-Set. Let F G be the forgetful functor G−Set → Set. We say that G is a Nohii group if there is a canonical equivalence G ≃ Aut(F G ), where Aut(F G ) is topologized with the compact-open topology on Aut(S) for each S ∈ Set.
Lemma 3.2.2. Let G be a topological group which admits an open Nohii subgroup U , then G is itself a Nohii group.
Proof. This is [BS13, Lemma 7.1.8].
Lemma 3.2.3. Let A be an k-affinoid algebra, then GL n (A) is a Nohii group.
Proof. Let A 0 be a formal model for A, it is a π-adically complete ring and we have the equivalence,
which induces its structure of topological group, in particular it is a pro-discrete group as in [Noo04, Definition 2.1]. Moreover, the system {GL n (A 0 )}∪{Id+π k M n (A 0 )} is a basis of open normal subgroups for the topology on GL n (A 0 ) and thus by [Noo04, Proposition 2.14] we conclude that GL n (A 0 ) is a Nohii group. As A 0 is an open subgroup of A the same holds for GL n (A 0 ) ⊂ GL n (A) and by [BS13, Lemma 7.1.8] we conclude that GL n (A) is a Nohii group.
The following Proposition is a generalization of [BS13, Lemma 7.4.7] and its proof is just an adaption of that one. We give it here for the sake of completeness. (X,x)) denotes the groupoid of continuous representations of G with values in GL n (A) and Loc X,n (A) the groupoid of (pro-)étale local systems of rank n A-free modules on X.
Proof. Let
(X,x) → GL n (A), be a continuous representation and
(X,x), therefore it defines a pointed covering X U → X with π proét 1 (X U ) = U . The induced representation,
defines thus an element M ∈ Loc XU (A 0 ) and hence, by inverting π,it produces a local system M ′ ∈ Loc XU (A). Such element M ′ comes equipped with descent data for X U → X and therefore comes from a unique N (ρ) in Loc X (A). Conversely, fix some N ∈ Loc X (A) which, for suitable n, we can see it as a F GLn(A) -torsor, which is a sheaf for the pro-étale topology on X via [BS13, Lemma 4.2.12], here F GLn(A) denotes the sheaf on X proét defined informally via,
Let S ∈ GL n (A)-Set then we have an induced representation,
of pro-étale local sheaves. The pushout of N along ρ S defines an element N S ∈ Loc X with stalk S, which is functorial in S and therefore it defines a functor GL n (A)-Set → Loc X,n (A) compatible with the fiber functor. By Lemma 3.2.3, GL n (A) is Nohii and therefore it is possible to associated it a continuous homomorphism ρ N : π proét 1 (X,x) → GL n (A), which gives an inverse for the previous construction. This establishes the equivalence of the statement, as desired. 
DERIVED STACK OF k-ANALYTIC LOCAL SYSTEMS
In this section we will define a natural derived upgrade of the k-analytic stack Rep cont k,n (πé t 1 (X,x)). We will define such object as a functor Rep cont X,n : dAfd k → S which we will prove to be representable by a derived geometric stack with respect to the geometric context (dAn k , τ ét , P sm ). Here dAfd k denotes the ∞-category of derived k-affinoid spaces and dAn k the ∞-category of derived k-analytic spaces, as defined in [PY16a] .
Thanks to [Ant18, Corollary 3.3.8] the ∞-category dAfd -adic representations of a given X ∈ Pro(S), which the reader should think of X ≃ BG, where G is a profinite group, or X ≃Ét (X), the étale homotopy type of a scheme X. We will study the functor of continuous perfect k
• -representation of X, i.e., the functor Perf
,n , we compute its tangent spaces and we prove that when X satisfies certain finiteness conditions such stacks admit a cotangent complex. Such finiteness condition on X is always satisfied when X is the étale homotopy type of a smooth and proper scheme over an algebraically closed field, which is the case that we are primarily interested in this paper.
In Section 4.3 we treat the case of the moduli stack continuous perfect k-adic representations of X, which we will denote by Perf an X . The associated functor is more subtle to define and we will need first to define Perf an X at the level of the ∞-category CAlg ad k • , by the informal association
where Cat
∞ denotes the ∞-category of ∞-categories enriched in Ind (Pro (S)). We follow closely the approach to enriched ∞-category theory developped in [GH15] . Suppose X ∈ Pro(S) is connected, given A ∈ CAlg Its right Kan extension, which we also denote by Perf an X , along the inclusion (dAfd k ) <∞ ⊆ dAfd k corresponds to the moduli stack of derived continuous perfect k-adic representations of X. We consider moreover the sub-stack of rank n continuous k-adic representations of X, denoted Rep cont X,n : dAfd k → S, which is obtained from the functor CAlg
Whenever X ≃ BG, where G is a profinite group, the restriction of Rep cont X,n to the full subcategory Afd k ⊆ dAfd k coincides with the moduli stack Rep is the étale homotopy type of a smooth and proper scheme over an algebraically closed field.
In Section 4.5, we recall the representability theorem in the setting of derived k-analytic geometry proved in [PY17] . Putting all the previous ingredients together we prove that Rep cont X,n is a geometric stack, i.e., a derived k-analytic stack, whenever X ∈ S Pro(fc) satisfies certain finiteness condtions and the π 1 (X) is a profinite group topologically of finite generation, thus establishing our main goal of showing the existence of a natural derived upgrade of the k-analytic stack Rep cont k,n (τ ≤1 X). As a Corollary, we obtain that whenever X ≃Ét (X), where X is a proper and smooth scheme over an algebraically closed field, the object Rep cont X,n is geometric with respect to the geometric context (dAn k , τ ét , P sm ).
4.1.
Preliminaries. Let us fix X ∈ Pro(S) a general pro-object in the ∞-category S. Our goal in this section is to define the ∞-category of (derived) continuous k 
.3] one has an equivalence of ∞-categories
where Perf(A), (respectively, Perf(A n ) denotes the full subcategory of Mod A , (respectively, Mod An ) spanned by those perfect A-modules, (respectively, perfect A n -modules).
Remark 4.1.3. Let C be an ∞-category. The ∞-category of pro-objects on C, denoted Pro(C), is defined by the following universal property: The ∞-category Pro(C) admits small cofiltered colimits and there exists a fully faithful Yoneda embedding, j : C → Pro(C), such that for any ∞-category D which admits small cofiltered limits pre-composition with j induces an equivalence of ∞-categories
where the left hand side of the equivalence denotes the full subcategory of
spanned by those functors which preserve small cofiltered limit. Moreover, if C is an accessible ∞-category possessing finite limits then one can give a more explicit construction of Pro(C): It is equivalent to the full subcategory of Fun(C, S) op spanned by those left exact accessible functors
The existence of Pro(C) in general (e.g., when C is not necessarily accessible), is a particular case of the more general [Lur09b, Proposition 5.3.6.2]. Notice that, in particular, letting Cat ∞ denote the ∞-category of not necessarily small ∞-categories one can make sense of the ∞-category of pro-objects in Cat ∞ ,
Remark 4.1.4. Since the ∞-category S is presentable we can identify X ∈ Pro(S) with a left-exact functor f : S → S. Such functor induces a uniquely (up to a contractible choice) defined left fibration F : C → S obtained as a pullback of a diagram of the form
Thanks to [Lur09b, Proposition 5.3.2.5], the ∞-category S /f is cofiltered. Therefore, the association X → S /f allow us to interpret X as a pro-system {T i } i , where each T i ∈ S. Moreover, given X ∈ S, we have an equivalence f (X) ≃ Map Ti∈S /f (uT i , X) , where u : S /f → S is the forgetful functor.
Remark 4.1.5. The ∞-categories S and Cat ∞ are presentable and therefore thanks to [Lur, 
We also consider the ∞-categories Definition 4.1.8. Let C be an additive symmetric monoidal ∞-category. Let R ∈ CAlg be a commutative simplicial ring and consider its ∞-category of modules Mod R ∈ Cat ⊗ ∞ , the latter being the ∞-category of symmetric monoidal ∞-categories. We say that C is equipped with a linear A-action if there exists a finite direct sum preserving symmetric monoidal functor F : Mod 
is an exact functor between stable ∞-categories, see [Lur09b, Proposition 1.1.4.6]. Thanks to [Lur12b, Theorem 5.5.3.18] the colimit (1) colim
is again a stable ∞-category thanks to the fact that the transition functors above are exact. Moreover, each ∞-category
is symmetric monoidal, the symmetric monoidal structure is objectwise induced from the one on Perf(A n ).
Since each transition map Fun (T i , Perf(A n )) → Fun (T j , Perf(A n )) is symmetric monoidal one concludes that the ∞-category (1) is naturally endowed with a symmetric monoidal structure and by construction A n -linear. Each of the transition functors 
is stable, as desired. As each transition functor
is symmetric monoidal, as it is induced from base change, one concludes that, thanks to the fact that limits of ∞-categories are computed via section spaces [Lur09b, Proposition 3.3.3.2], the limit (2) is endowed naturally with a symmetric monoidal structure, it follows that Perf 
given informally by (X, A, n) → Fun (X, Perf(A n )) . Via straightening construction we obtain a co-
Let h : I → S be a cofiltered diagram in spaces. Consider the pullback diagram
Therefore we obtain a new coCartesian fibration
can be identified with
Notice also that the projection map
is again a coCartesian fibration, whose fiber at (A, n) ∈ CAlg 
By unstraightening one then produces a functor
given informally via
Composition produces once more the coCartesian fibration
. Projection onto the first factor produces a map
We claim that σ is a coCartesian fibration: Let g : A → B be a morphism in CAlg 
which induce a functor of symmetric monoidal presentable stable ∞-categories
This produces a well defined morphism
, wheref is equivalent to composition of f with the base change functors (3). Moreover, the morphism (4) is coCartesian over g. This implies that σ is a coCartesian fibration and given A ∈ CAlg Modding by p m , for m ≥ 1, we obtain also étale hypercoverings for the ∞-site
and moreover,
One thus obtain that, as Perf is a stack with values in Cat ∞ , i.e., it satisfies (hyper-)descent,
The result now follows.
We will present a different construction of the functors considered above, in terms of enriched ∞-category theory. This perspective will be helpful when dealing with the results in Section 4.3. However, the reader not willing into going on the details can jump directly to Section 4.2. 
Notice that Cat ∞ ⊆ Cat Spro ∞ and by extending by cofiltered limits we obtain a functor ϕ : Pro(Cat ∞ ) ⊆ Cat Spro ∞ . Notice that the association A ∈ CAlg ad k • → {Perf(A n )} n ∈ Pro(Cat ∞ ) is functorial and therefore we obtain a well defined (up to essentially unique indeterminacy) functor
Remark 4.1.16. In Construction 4.1.15 we can consider the pro-objects {Vect((−) n )} n and also {Coh + ((−) n )}, where the latter denotes the pro-object obtained by consider the functor that associates to each A ∈ CAlg ad k • its ∞-category of almost connective coherent modules.
Lemma 4.1.17. Let X ∈ Pro(S). Suppose that X is connected, i.e., Mat(X) ∈ S is connected. Then X ∈ Pro(S ≥1 ), where the latter denotes the ∞-category of pro-objects in the ∞-category of connected spaces, S
≥1
.
Proof. Suppose that X is a cofiltered limit (in Pro(S)) indexed by a cofiltered ∞-category I of spaces {T i } i∈I . Then for each i ∈ I we have canonical maps ρ i : X → T i . By the hypothesis on X we conclude that each ρ i factors through a connected component T
We can thus form the pro-system {T • i } i∈I ∈ Pro(S), which lies in the essential image of the inclusion Pro(S ≤1 ) ⊆ Pro(S). Our goal is to show that {T
It suffices to show that we have an equivalence of mapping spaces θ : lim
for every connected space Y ∈ S. Notice that θ is the cofiltered limit of monomorphisms in S and it is itself a monomorphism. It suffices to show that it is also an effective epimorphism in S. Let * → Y the canonical map in S, and consider for each i ∈ I the canonical map lim i∈I Map S (Y, T i ) → T i induced by ρ i , such map factors through T Proposition 4.1.18. Suppose that X ∈ Pro(S) is connected. We have a canonical equivalence of functors
Our goal is to show that θ is an equivalence. It suffices to show that for every A ∈ CAlg
is an equivalence of ∞-categories. Both ∞-categories are fibered over Perf(A) ∈ Cat ∞ , the usual ∞-category of perfect complexes on A, where we consider A as an object of CAlg k • . Thanks to Lemma 4.1.17 we deduce that over M ∈ Perf(A), θ A induces the identity on the mapping space Map Pro(S) (X, BEnd(M )), which is an equivalence. We conclude that θ A is an equivalence itself in the Cat ∞ and the result follows.
Obstruction theory for continuous k
• -adic representations. Our goal in this section is to show that the functors Vect 
in the ∞-category Coh + (A). Moreover as in the proof of [Ant18, Lemma 3.2.2], we have a canonical equivalence of functors,
. Thus putting (5) and (6) together with the fact that A ⊕ M is p-complete and a standard argument of cofinality, the result follows. 
thanks to the fact that the truncation functor τ ≤m : CAlg k • → CAlg k • is a left adjoint and therefore commutes with pushouts, therefore τ ≤m A n ≃ (τ ≤m A) n . Proof. It suffices to prove the result in the case where α :
is such that its extension of scalars along the projection map A⊕M → A coincides with the identity morphism id : ρ → ρ, then α is an equivalence in the ∞-category Mod ad X (A). Consider the cofiber cofib(α) ∈ Mod ad X (A ⊕ M ) it is a dualizable object of Mod ad X (A ⊕ M ) and its image in Mod ad X (A) is equivalent to the zero object. We wish to prove that the coevaluation morphism coev :
is the zero map in the ∞-category Mod
, then by naturality of the tensor product we obtain that tensoring ι with the coevaluation map induces a commutative diagram
Since coev ⊗ A⊕M A corresponds to the coevaluation morphism of the dualizable object cofib(α) ⊗ A⊕M A ∈ Mod ad X (A) it corresponds by duality to the identity morphism
which by assumption of α is the zero morphism. It follows that the morphism the A-linear morphism
is the zero morphism, and therefore by adjunction (with respect to extension and restriction of scalars along A → A ⊕ M ), the coevaluation map
is the zero morphism, as desired. 
Since the underlying Amodule to ρ ⊗ A (A ⊕ M ) can be identified with ρ ⊕ ρ ⊗ A M we have a chain of natural equivalences of the form
, where the later mapping space is pointed at the zero morphism. Since ρ ∈ Perf ad X (A) is a dualizable object ρ ∈ Mod ad X (A) (the tensor product in Mod ad X (A) is pointwise) we can write (7) as
Thanks to Proposition 4.2.1 the presheaf Perf ad X is cohesive and we have a pullback diagram of (formal) small extensions, in CAlg
Thus we have a pullback diagram of spaces
By taking fibers at ρ ∈ Perf ad X (A) we have a pullback diagram of spaces
where are notational conventions are clear from the context. By our previous computations, replacing M by its translation ΣM we obtain thus the (canonical) identification
, we say that X is locally p-cohomologically perfect at ρ if
, ρ seen as a spectra equipped with its canonical linear A-action is equivalent to a perfect A-module, which we denote T ρ A ∈ Mod A . We say that X is cohomologically perfect if it is locally cohomologically perfect for every ρ ∈ Perf ad X (A), whenever A ∈ CAlg k • /p is a Noetherian simplicial algebra. Proposition 4.2.8. Let X ∈ Pro(S) which is p-cohomologically perfect. Then for every A ∈ CAlg ad k • and every ρ ∈ Perf ad X (A) the functor F ∈ Coh + (A) → S given informally via the association
is corepresentable by the A-module Map Perf ad
Proof. We first prove the following assertion: Let C be an A-linear stable presentable ∞-category, and let C ∈ C be a compact object object of C, then for every M ∈ Mod A we have an equivalence
where 1 C ∈ C denotes the unit with respect to the symmetric monoidal structure on C and Map C the enriched mapping spectrum. Let D ⊆ Mod A denote the full subcategory spanned by those A-modules M such that the assertion is valid. Clearly A ∈ D, since A ∈ Mod A generates the ∞-category Mod A under small colimits, it suffices to show that D is closed under small colimits. Suppose that M ≃ colim i∈I M i , with M i ∈ D, where the indexing ∞-category I is filtered, then by our compactness assumption it follows that
Thus D is closed under filtered colimits. It suffices to show then that D is closed under finite colimits. Since Mod A is a stable ∞-category it suffices to show that D is closed under finite coproducts and cofibers. Let f : C → D be a morphism in D, we wish to show that cofib (f ) ∈ D. Notice that thanks to [Lur12b, Theorem 1.1.2.14] we have an equivalence cofib(f ) ≃ fib(f )[1]. Therefore we can write
The case of coproducts follows along the same lines but it is easier. From this we conclude that D ≃ Mod A and therefore the assertion follows. In our case we let C be Mod ad X (A) and we observe that the assertion implies that for every M ∈ Mod A we have an equivalence
Moreover, our hypothesis of cohomologically perfectness on X together with Remark 4.1.2 imply that
is perfect and therefore we have an equivalence
and the result now follows from Proposition 4.2.6.
4.3.
Continuous k-adic representations. In this section we establish the existence of the stack of derived continuous k-adic representations of X ∈ Pro(S). Throughout this section we suppose X is connected, i.e., Map Pro(S) ( * , X) ≃ * . Before heading straight to the definitions and important results we will need first to come up with a meaningful notion of continuous k-adic representation of the pro-object X. Indeed, when M ∈ Perf(k) is a perfect k-module we can endow, as we will see later, the mapping space End(M ) with the structure of a monoid object in the ∞-category Ind (Pro (S)). Therefore, a continuous representation ρ of X with values in M should consist of a morphism ρ : ΩX → End (M ) , in the ∞-category Mon E1 S Ind Pro . In order to make sense of the ∞-category of such objects we will be in need to consider Perf(k) as an enriched ∞-category in Ind (Pro (S)), which we will denote by ♭ Perf(k). Assume for a moment that for each A ∈ CAlg
∞ , where the later denotes the ∞-category of (small) Ind(Pro(S))-enriched ∞-categories. We will thus define the pre-sheaf of continuous k-adic representations of X Perf
In order to show that such Perf an X induces a stack dAfd k → Cat ∞ and it admits a suitable obstruction theory we will need first to establish similar results in the world of Ind(Pro(S))-enriched ∞-categories for ♭ Perf. In order to do so, we need to plunge into a detailed study of the ∞-category
which is the first part of this section. From this we deduce important consequences for the pre-sheaf Perf an X , in particular we show that Perf an X actually defines (up to contractible indeterminacy) a pre-sheaf dAfd op k → Cat ∞ and it is compatible with Postnikov towers on dAfd op k . Lastly, we will show that Perf an X admits a cotangent complex whenever X satisfies certain reasonable finiteness conditions. Definition 4.3.1. Let S ∈ Sp denote the sphere spectrum. It has a natural E ∞ -ring structure, as it is the unit object of the symmetric monoidal ∞-category Sp. Let S/p denote the pushout of the diagram
The ∞-category Mod S/p admits a symmetric monoidal structure induced from the smash product of spectra. Therefore, the ∞-category Sp pro (p) admits an induced symmetric monoidal structure which commutes with cofiltered limits, see [Lur12b, Proposition 6.3.1.13.] and its proof. We will denote the associated symmetric monoidal ∞-category we denote by Sp pro (p) Before moving on we need to establish some important preliminary results: Definition 4.3.3. Let j : Sp pro (p) → Ind Sp pro (p) denote the usual Yoneda embedding. For each X ∈ Sp pro (p), the multiplication by p : X → X induces a functor
given informally by the formula on objects
We denote by
Lemma 4.3.4. The ∞-category Sp pro (p) p −1 admits a natural symmetric monoidal structure, induced from the one on Ind Sp pro (p) . Moreover, the functor
The symmetric monoidal structure on Ind Sp pro (p) is induced by the one on Sp pro (p) by extending through filtered colimits. We conclude that given X, X ′ ∈ Sp pro (p) we have natural equivalences
, and the result follows.
Lemma 4.3.5. Let X, X ′ ∈ Sp pro (p) then we have an equivalence of mapping spaces
where
Proof. It follows immediately from the characterization of the mapping spaces in the ∞-category Ind Sp pro (p) . Proof. Our notations will be as in Section 4.1 and denote by Mat Cat : Sp pro (p) p −1 → S, given by the association
Thanks to [GH15, Corollary 5.7 .6] the functor L
whose image under Mat Cat in the ∞-category S is equivalent to the mapping space colim mult by p
[Ant18, Proposition A. 
. It follows then that we have a natural equivalence
∼ denote the subspace spanned by those A-modules whose localization at p becomes a perfect A[p −1 ]-module.We can consider the restriction of the functor
and thus obtain an ∆ op X -algebra on Sp pro (p) p −1 , which is complete in the sense of [GH15] .
Warning 4.3.9. The enriched mapping spaces in ♭ Perf(A[p −1 ]) might depend on the choice of the formal model, however such dependence does not occur when A is assumed to be truncated, as we will see.
The lax symmetric monoidal functor Ω ∞ : Sp pro (p) p −1 → Ind (Pro (S)) induces a functor of ∞-
∞ . From now on we will not make distinction between the two different enrichments and we will make an abuse of notation by denote 
we obtain an ∞-category, which we denote
Remark 4.3.12. Let X ∈ Pro(S) be such that X ≃ * then we obtain an equivalence Perf
given by pre-composition with the unique (up to contractible indeterminacy) map * → X. Proof. As X ∈ Pro(S) is connected, the fiber of ev * at M is naturally equivalent to the mapping space
Consider the usual loop functor Ω : S → Mon E1 (S). It induces a functor, which we also denoted Ω : Pro(S) → Mon E1 (Pro(S)). Notice that every transition morphism in the pro-system End(M 0 ) ∈ Pro(S) is actually a morphism of monoid objects, i.e., it admits a natural lifting in Mon E1 (S). Using the limit-colimit formula for mapping spaces in ∞-categories of pro-objects together with the Bar-Cobar equivalence (B, Ω) of May delooping theorem we obtain a natural equivalence
By the universal property of localization at p we obtain a canonical map
, in the ∞-category S. Our goal is to show that θ is an equivalence. We cannot apply in this case May delooping theroem componentwise, since multiplication by p : End(M 0 ) → End(M 0 ) is not a morphism of monoid-objects, therefore we need another argument. The map θ is induced by a map
, which is of p-torsion. Therefore passing to the colimit by multiplication by p becomes the the zero object. This implies thus that θ ≃ θ ′ [p −1 ] has contractible fiber and therefore it is an equivalence.
From now on we will restrict our attention to a smaller class of X ∈ Pro(S) a profinite space, which encompasses most examples that appear in applications: Example 4.3.16. Let G be a profinite space, then its pro-classifying space BG is a profinite space. Let X be a locally noetherian normal qcqs scheme, then its étale homotopy typeÉt (X) ∈ S Pro(fc)
. Definition 4.3.17. Let X ∈ S Pro(fc) be a connected profinite space. We say that X is cohomologically almost of finite type if for any torsion Z-module N such that we can write it as a filtered colimit of finite subcomplexes N ≃ colim α N α we have an equivalence of spaces
Map Mon E 1 (S Pro(fc) ) (ΩX, N α ) , i.e., taking continuous cohomology on X commutes with filtered colimits.
The above definition when applied to a space X ∈ S is equivalent to the fact that we can find a cellular decomposition of X with a finite number of cells in each dimension (but X might admit a non-zero number of cells in infinitely many dimensions).
Example 4.3.18. Whenever Y → X is a finite morphism, i.e., its fiber is finitely constructible and X is cohomologically almost of finite type then also Y is cohomologically almost finite.
Let X be the étale homotopy type of a smooth variety over an algebraically closed field thenÉt (X) is cohomologically almost of finite type. together with a moprhism
and there exists ρ
is connected, ρ ∈ Perf 
Consider thus the composite morphism ΩX
pro . It factors through a continuous morphism of groups ρ 0 : π 1 (X) → π 0 (End(M )), where the topology on the first is the profinite topology and the topology on π 0 (End(M )) is induced by the ind-pro structure on End(M ). Since π 0 (End (M ) ) is an open subgroup in π 0 (End(M )) and π 1 (X) is a profinite group, it follows that ρ −1 0 (π 0 (End(M 0 ))) ⊆ π 1 (X) is of finite index. Let U ✂ π 1 (X) be an open normal subgroup (thus of finite index) such that ρ 0 (U ) ⊆ π 0 (End(M 0 )) ⊆ π 0 (End(M )) and such that π 1 (X)/U ≃ G. Consider the pullback diagram
. By construction Y ≤0 → ΩX is of finite fiber and moreover we have an equivalence X ≃ BY ≤0 /G, in Mon E1 S ind pro . This deals with the base step of our inductive reasoning. Suppose now that for a given integer n ≥ 0 we have constructed a commutative diagram ). Let ι n+1 : End(M 0 ) ≤n+1 → End(M ) denote the relative (n + 1)-th truncation of the morphism ι : End(M 0 ) → End(M ) (where we apply (n + 1)-truncation to the fiber of ι levelwise). We have thus a commutative diagram
in Mon E1 S ind pro and where
The extension colim
pro . Notice that, being π n+2 End(M 0 )/p k a discrete group, the monoid structure on π n+2 End(M 0 )/p k [n + 3] is commutative. Therefore the transition maps in the "ind"-filtered colimit colim k π n+2 End(M 0 )/p k [n + 3] are maps of monoid objects, i.e., the indexing diagram lifts in the ∞-category Mon E1 S ind pro . This implies that the morphism ϕ n factors through End(M 0 )/p k for sufficiently large k ≥ 0. This induces an extension of the form
. By our hypothesis on X we conclude that BY ≤n being finite over X is also cohomologically of finite type.
is a torsion Z-module we have (by Lazard's theorem)
in the ∞-category Mod Z/p , where each N α ∈ Mod Z/p k Z is a finite (discrete) Z/p k Z-module and thus a finite complex. We obtain thus
, therefore the map ϕ n as above factors through one morphism ϕ n,β :
and this factorization produces an extension
, where by construction j n+1 : Y ≤n+1 → Y ≤n and the composite 
The representation λ is a retract of π * π * λ, given by the trivial map of groups {e} → Γ. Specializing to the the case ρ ′ = ρ we obtain that ρ is a retract of the induced representation π * π * ρ and the later, since π * ρ is liftable by the choice of Y , it follows that π * π * ρ is also liftable. This proves the first part of the statement. We are now reduced to prove that the ∞-category Perf an X (A) is idempotent complete. Thanks to Proposition 4.3.19 we can suppose that ρ is liftable from the start. We are thus reduced to prove that every idempotent f : ρ → ρ, where ρ ∈ Perf an X (A) is liftable, admits a fiber and cofiber in Perf , where the latter denotes the symmetric monoidal ∞-category of (small) idempotent complete ∞-categories. This implies thus that Perf an X (A) is stable, the symmetric monoidal structure on Perf an X (A) is induced from the one on Perf ad X (A) as the symmetric monoidal structure on the latter is A-linear, thus it commutes with multiplication by p. 
<∞
→ C be a functor and suppose that C admits finite limits. We will say that F is infinitesimally cartesian or cohesive if given A ∈ CAlg 
, where C i := F (i) for each i ∈ I and x i , y i ∈ C i are the image of both x and y respectively under the projection maps C → C i .
Proof. We use the notation applied in [GH15] . In this case we have a chain of equivalences in V
where Map denotes the internal mapping object in V 
which is an equivalence of ∞-categories, thanks to [Lur12a, Proposition 3.4.10]. We are reduced to prove that 
is essentially surjective since it can be checked after applying the materialization functor Mat Cat . Therefore, thanks to [GH15, Proposition 5.5.3 and Corollary 5.5.4] it suffices to show that it is fully faithful and we remark that fully faithfulness can be checked already at the level of the ∞-category Cat
We need to show that we have an equivalence
Notice that θ can be realized as the "ind"-localization at p of the map
It thus suffices to show that θ ′ is an equivalence in Sp pro (p) after multiplying by a sufficiently large power of p. The ∞-category Sp pro (p) is a stable ∞-category as it consists of pro-objects in Mod S/p , therefore we are reduced to prove that cofib(θ ′ ) is equivalent to the zero morphism in Sp pro (p) after multiplication by a sufficiently large power of p. We have moreover that cofib(θ 
it follows that both M, N ∈ Mod A and M ′ , N ′ ∈ Mod A ′ have homotopy groups concentrated in a finite number of degrees. We thus conclude that each mapping spectrum displayed in (12) has non-trivial homotopy groups living in a finite number of degrees, which do not depend on the integer n ≥ 0, (modding out by p n does not add non-zero homotopy groups with respect to the special fiber at the prime p ∈ k And thus, thanks to Proposition 4.4.7, we obtain a pullback diagram
The conclusion now follows as in the proof Proposition 4.2.6.
We now deal with the existence of contangent complexes for the (derived) moduli of k-adic continuous representations. We start by considering only those X ∈ Pro(S) that are of interest in applications: Proof. It is a direct consequence of Proposition 4.4.5.
Definition 4.4.13. Consider the fully faithful embedding of ∞-categories j : (dAfd k ) <∞,op → dAfd k . We will abuse notation and also denote by Perf is an accessible localization and thus the functor G is fully faithful. We have an equivalence
Since G(M rig ) ∈ Ind Coh + (A) we can write it as a filtered colimit,
where the last equivalence follows by adjunction. Therefore we can write,
as L F,x is a compact object of Ind Coh + (A) . Let N ∈ Coh + (X), where X is the rigidification of SpfA, we have chains of equivalences, (13) colim
colim 
where C denotes the ∞-category of admissible formal models for X[N ]. This follows from the observation that a formal for X[N ] is the datum of an admissible formal model for X together with a formal model for N . The result now follows, from the observation that filtered colimits commute with finite limits in the ∞-category of spaces, therefore,
We thus get an equivalence,
as desired. The result now follows from the observation that the right hand side of (16) is invariant under (hyper-)descent. 4.5. Representability theorem and Main results. Many moduli stacks that appear in nature cannot be realized as (derived) Deligne-Mumford stacks, but nonetheless share sufficient geometric information, this is the case of derived Artin stacks also known as geometric stacks in derived algebraic geometry and derived k-analytic stacks in the non-archimedean case. In this section we will review the representability criterion for representability, first established in the framework of classical algebraic geometry by M. Artin and greatly generalized by J. Lurie in the context of derived algebraic geometry. Recently, it has been also established in the world of derived non-archimedean geometry by M. Porta and T. Yu Yue in [PY17] .
Definition 4.5.1. Consider the ∞-category of derived k-affinoid spaces dAfd k . There exists a geometric context (dAfd k , τ ét , P sm ), in which τ ét consists of the étale topology on dAfd k and P sm the class of smooth morphisms between derived k-affinoid spaces.
Definition 4.5.2. We say that F ∈ St(dAfd k , τ ét ) is a derived k-analytic stack if it is a n-geometric stack with respect to the geometric context (dAfd k , τ ét , P sm ).
Theorem 4.5.3 (Theorem 7.1 [PY17] ). Let F ∈ (dAfd k , τ ét ). The following are equivalent: (i) F is an n-geometric stack; (ii) t 0 (F ) is an n-geometric stack and moreover F is cohesive and admits a cotangent complex.
Definition 4.5.4. Let F ∈ St(dAfd k , τ ét ) we say that F admits a global analytic cotangent complex if the following two conditions are verified:
(i) Given X ∈ dAfd k and x : X → F a morphism, the functor, Definition 4.5.5. Let F ∈ St(dAfd k , τ ét ). We say that F is infinitesimally cartesian if for every X ∈ dAfd k and every coherent sheaf F ∈ Coh ≥1 (X) together with a derivation d : L an X → F the natural map
is an equivalence in the ∞-category of spaces S.
Definition 4.5.6. Let F ∈ St(dAfd k , τ ét ). We say that F is convergent if for every derived affinoid space X the canonical morphism,
Definition 4.5.7. We say that F ∈ St(dAfd k , τ ét ) is cohesive if it is both infinitesimally cartesian and convergent.
Notice that we have a transformation of geometric contexts, X) ) introduced in section 2, thus Rep cont X,n is representable by a geometric derived k-analytic stack for the geometric context (dAn k , τ ét , P sm ).
